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Abstract 

Regular bouncing solutions in the framework of a scalar-tensor gravity model were 
found in a recent work. We reconsider the problem in the Einstein frame (EF) in 
the present work. Singularities arising at the limit of physical viability of the model 
in the Jordan frame (JF) are either of the Big Bang or of the Big Crunch type in 
the EF. As a result we obtain integrable scalar field cosmological models in general 
relativity (GR) with inverted double-well potentials unbounded from below which 
possess solutions regular in the future, tending to a de Sitter space, and starting 
with a Big Bang. The existence of the two fixed points for the field dynamics at late 
times found earlier in the JF becomes transparent in the EF. 
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1 Introduction 


The possibility to produce bouncing universes has attracted a lot of interest over the years. 
As Friedman-Lemaitre-Robertson-Walker (FLRW) universe possess generically an initial 
singularity, the possibility to avoid it in this way has become even more challenging. The 
simplest example where a bouncing universe is obtained and which has a nonzero measure 
in the space of initial conditions is that of a massive scalar held in a closed FLRW universe 
[1] where the curvature singularity is generically moved to the past. Non-singular solutions 
can be constructed but they are degenerate (i.e. for a set of initial conditions which is of 
measure zero) [2], see also [3]. However a bounce with a positive spatial curvature requires 
severe hne tuning of initial conditions before the contraction stage n. Q. Spatially-hat 
FLRW non-degenerate bouncing universes have been built outside general relativity like 
theories with scalar lai or tensor ghosts, loop quantum gravity (see e.g. 0) or gravity 
described by an effectively non-local Lagrangian (see e.g. 0 . 0 , and [10] for a recent review). 

Recently viable non-degenerate bouncing solutions were found in the framework of 
ghost-free scalar-tensor gravity in a spatially-hat FLRW universe [m. The construction 
of a bouncing universe in General Relativity (GR) requires violation of the weak-energy 
condition and this is well-known to be allowed in scalar-tensor gravity [I2],|l3]. Indeed, 
the Friedmann equations can be written as in Einstein gravity but now with an ehective 
component of the phantom type. Nevertheless, it came as a surprise that such a well- 
behaved and intensively investigated extension of General Relativity (GR) like scalar- 
tensor gravity allowed for this family of non-degenerate spatially-hat bouncing universes. 
The model considered amounts to a conformally coupled scalar held and a quartic self 
interaction potential in Einstein gravity with a positive cosmological constant HH. It 
is interesting that the conformal invariance was arrived at due to some mathematical 
requirements imposed on the coupled equations of motion. While this specihc model has 
been investigated in diherent contexts assuming metrics diherent from our FRLW metric 
HI, [T5] . the possibility to produce bouncing solutions was not considered before. 

It is well-known that any scalar-tensor model in the Jordan frame can be expressed as a 
mathematically equivalent problem in the Einstein frame (EF) where gravity is described 
by General Relativity, and some new potential and a non-minimal coupling of matter to 
gravity arise. This is why consideration of this theory in the EF often turns out to be 
enlightening. While it was clear from a direct inspection of the problem in the JF that two 
cases had to be considered either with an inverted potential (when the held kinetic term in 
the lagrangian is positive, Z = 1) or with a potential bounded from below when Z = —1, 
we will see that both cases are very similar when viewed in the EF with the appearance in 
both cases of an inverted double-well potential V. 

Two critical points for the dynamics of the scalar held <F at late times were found while 
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inspection of the Jordan frame (JF) potential did not offer any cine as to their existence. So, 
while the viable solntions were fonnd, their physical signihcance remained nnclear to some 
extent. As we will show, the existence of these two critical points become transparent in the 
EF frame. Fnrther, interesting behavionrs arise for the scale factor in this frame. Onr EF 
analysis will yield integrable scalar held spatially-hat FLRW nniverses whose singnlarities 
are of the Big Bang or of the Big Crnnch type. The paper is constrncted as follows: In 
Section 2, we present the bonncing model in the JF. In Section 3, we stndy the problem in 
the EF with a detailed stndy of solntions corresponding to all possible bonncing nniverses 
in the JF. Finally onr Endings and conclusions are summarized in Section 4. 

2 A bouncing model 

We consider a universe with gravity described by a scalar-tensor theory. The Lagrangian 
density in the Jordan frame of the gravitational sector is given by 

L = 1 [F($)R - Z{^) - 2U{<!>)] . (1) 

We will use below the freedom to take Z = 1 or Z = —1, corresponding physically to 
> 0 or ujbd < 0 (ujbd = ^)- WhencusD < 0, the theory is ghost-free provided 

— I < cubd < 0. For spatially hat FLRW universes with metric ds"^ = —dt'^ + the 

modihed Friedmann equations read 

- 3FH'^ + - 3HF + U = 0 , (2) 

2FH + Z^^ + F-HF = 0, (3) 

with if = A Here and below a dot, resp. a prime, stands for the derivative with respect 
to t, resp. to <I>. The equation of motion of <F 

Z (-$ - 3H^) + ^F' -U' = 0 , (4) 

is contained in (I2]),(l3]). We take the following ansatz 

ZF = + (5) 

0 

ZU = (6) 

where k~‘^ > 0, A > 0 and c are constant parameters, only c being dimensionless. Equations 
m-m are invariant under the transformation Z = l—)-Z = —1, however the domain of 
validity F > 0 is changed, so that we have two diherent problems. It is crucial to realize 
that with ([5]) <I> becomes a conformally coupled scalar held with an additional quartic 
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self-interaction —c<f>^. Interestingly, we first arrived at this model by requiring that a 
combination of ([2]), ([3]) and (01), without derivation with respect to t, be zero. Due to its 
underlying symmetry, this model has been considered in the past in completely different 
contexts (see e.g. Bi. sa). 

The system ([2]), ((3]) reduces to 


1 

2 




A + k' 


A 



(7) 

( 8 ) 


with an effective positive cosmological constant A and the bare gravitational constant 
SttG = K^, while y = a<h and rj = J dt/a{t). The crucial point is that the constant A - 
the energy density of the held y in Minkowski space-time - can be negative. An effective 
phenomenological model in the framework of GR with d?]) was considered in [T6] 

Scalar-tensor models can accommodate an effective dark energy component of the phan¬ 
tom type {weff < — 1) [I2],[l3] and this is precisely what we have for A < 0. In this case 
the second term on the right hand side of ([7]) can be seen as corresponding to dark radia¬ 
tion. Remarkably, our system can be completely integrated and the analytical expression 
for when $0 < 0 
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(9) 


is given in terms of the Jacobi elliptic function dn(M|2) (dn“^(M|2) stands for its inverse) 
and of the the elliptic integral of the hrst kind F{x\2) [T7], and <I>o is the held value at the 
bounce. 

Bouncing solutions are obtained for A < 0 and from ([8]) we have c > 0 so that U is nec¬ 
essarily an inverted potential, unbounded from below when Z = 1. Though this may look 
unphysical at hrst sight, scalar helds with such an interaction have been often considered 
both in quantum held theory and cosmology, see e.g. [TS]. Our present analysis in the EF 
reinforces our belief that such potentials should not be ruled out a priori. Integrating ()7|) . 
a bouncing solution is obtained 


where 



Qq — 


-Ak^ 

A 


1 
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( 10 ) 


( 11 ) 
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is the value of a at the bounce located at t = 0 with a trivial redefinition of t. It satisfies 
H > 0 and has a constant Ricci scalar R = 6{H + 2H^) = 4A. So we see that a{t) is 
integrated independently of The coupling of the two equations of motion is through 
the integration constant A. Solving for the wave equation rewritten as follows 


$ + + 4c$(<h^ - <h^) = 0 , 


( 12 ) 


where = (^) 2 , subject to the constraint ([HD at the bounce 

jio - « - KRJ = 0 . (13) 

where <ho,mm = (^)^ = (^)T our system is solved. 

The requirement F > 0 implies ^ when Z = 1, and ^ when Z = —1. Note 
that = 0 at a finite time is impossible from (jHD also for Z = 1. From (ED, the condition 
f/($o) = f/o < 0 for Z = 1 gives immediately <Fo > while <F < ^ = ^max is valid 

at all times. A non vanishing interval for <Fo requires <Fo,mm < ^max or 


A 


< 1 , 


Z = 1 , 


(14) 


implying in turn < ‘Fo.min- Hence, choosing <Fo > 0, the following ordering is obtained 
for Z = 1 




< $0 < <h 


max • 


(15) 


When Z = — 1, the condition Ho > 0 coming from (ED gives again <Fo > *ho,min while $ > ^ 
holds at all times. Imposing the inequality 

A 

^> 1 , ^ = - 1 , ( 16 ) 

the following ordering is obtained 


and 





$ 


0,mm 


<•* , 


(17) 


"ho,mm < "ho . (18) 

Finally, one can show that for bouncing universes $ = 0 is possible in the intervals 

$ < $ < , $ = 0, <!> > 0, Z = 1 , (19) 

$o,mm <<h<$, $ = 0, $<0, Z = -l. (20) 
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Indeed from ([2]) when $ = 0, we easily get 

- c ^ (d)" - <I>LJ = 0 . (21) 

As for Z = 1 we have d* < ^max hence (l2l|) requires d* < <ho,mm (the inequality saturates 
when H = Q). For Z = —1 however, we have <h > ^max = ^ so that fl2TD requires 
*h > ‘ho.min in that case. On the other hand, using ([3]) and (jl]), we obtain that <F = 0 is 
possible only for d) > $ when Z = 1 and for <F < l> when Z = — 1 so that flT^ . (I2U]) are 
immediately obtained. Remember that for Z = — 1 we have $ > <1*0,mm- The inequalities 
flT^ . fl20|) . will be very useful in the analysis of the held dynamics in the EF. 

We recall the essential Endings in [11] concerning the JF dynamics. For Z = 1, solutions 
with <i)o < 0, <ho,cr < *^*0 < ^max tend asymptotically to zero while solutions satisfying 
$0 < 0, <Fo,mm < d>o < $o,cr reach ^max (and actually diverge) in a hnite time and are 
therefore unviable as they leave the interval for which F > 0. There is a critical value ‘I’o.cr 
separating the two behaviours [19] and solutions starting from <l)o,cr with $o < 0 tend to 
<h. All solutions with $o > 0 will diverge in the future in a hnite time. As a corollary, 
even regular solutions for t > 0 will necessarily diverge at a hnite negative time as the 
equations are invariant under time inversion. As the equations are symmetric under the 
transformation $ —)■ —<I), it is enough to consider $ > 0. 

For Z = —1, all solutions with $0 > are unviable, they tend either to zero for $0 < 0 
(therefore crossing ^ where F vanish before changing sign), or they tend to 00 in a hnite 
time for $0 > 0. The only viable solution has $0 >0, <Fo = $ 0 ,^ < d> and it tends to 
<h. Solutions with <l)o < *ho,cr will tend to zero, whatever the sign of <l>o. Solutions with 
$0 > ‘^o.cr tend to 00 for $0 > 0, and to zero for <i)o < 0. This more complicated behaviour 
for Z = — 1 will be easily visualized in our EF analysis. 

3 The problem in the Einstein frame (EF) 

It is well-know that model (II]) can be expressed in the Einstein frame (EF) where the 
lagrangian becomes 

i = ^ - jsr e^4,8,4, - V{4,). (22) 
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An asterisk denotes expressions in the so-called EF with metric One can go from one 

frame to the other with the following transformations (see e.g. | 2 I |)0 

[Ti - 

V{<P) = 

Matter in the EF is gravitationally 

= k-2 F-\^) . (26) 

We have a flat FLRW universe in the EF as well, viz. 

dsl = -dtl + al{U) dy? , (27) 

where f*, resp. a*, is the EF time, resp. the scale factor, defined as 


3 fdF/d^\ 
K- 14 V F ) 

Fi^) g^u , 

K-^ t/($) F-2(<h) . 




(23) 

(24) 

(25) 


coupled to the JF metric g^^, = with 


dt = A(0) dF , (28) 

a = A(0) a* . (29) 


Using 0231) and 0281) we can relate the held derivatives in both frames and we obtain 


$ 


dcj) 




d(p 

dU 


(30) 


Let us turn now to the EF dynamics. The corresponding Friedmann equations become 


3 Hi 

dH, 

dF 


K 


1 

2 ydFj 


+ U 


T V^y ’ 


(31) 

(32) 


and hnally the EF scalar held 0 obeys the usual Klein-Gordon equation in the absence of 
matter 


dtl * dF d(j) 


(33) 


Equation fl33|) can be obtained from ([ST]), fl3^ . We note that with our conventions, equa¬ 
tions governing the dynamics in the EF reduce to those of a minimally coupled scalar held 
with potential V in general relativity. 

^Our conventions differ from those in |20) as here scalar fields in both frames are not dimensionless. 
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It is easy to relate the Hubble parameter in both frames and we find 


H 


A-\^) 



d(j) dU J 


(34) 


Hence, we see from flM|) that the existence of a bounce in the JF implies 


H*,o — 


d\nA{(j)) d(j) 
dcf) dt^ 0 ’ 


(35) 


where we have chosen = 0) = 0 (see below), i.e. the bouncing time t = 0 in the JF 
corresponds to the EF time = 0. In particular for iJ* and positive at = 0, we 
must have < 0. Expression (IM)) can be used in order to relate the dynamics in both 
frames. 

As for any scalar held cosmology, we can start at some arbitrary initial time ti with the 
three arbitrary initial values, and ■ Then, from (1^ we get and we can 

just evolve the system. In this way however nothing guarantees that the solution in the EF 
correspond to a bouncing solution in the JF. Hence, it will be convenient for our discussion 
to look at the problem in a slightly different way. We will choose the EF time t* in such a 
way that = 0 corresponds to the bouncing time t = 0 in the JF. This corresponds to the 
choice of one integration constant. We can choose freely two more initial values, and we 
choose <Po- The field value 0o must satisfy a condition corresponding to $0 > ^o,min 
and this will be easily implemented in the EF as we will see below. Making use of fl29|) . we 
hnd oo and therefore also the integration constant A = — appearing in ([71), ([H]). Note 
that an arbitrary choice of will correspond to a choice of the (negative) integration 
constant A. At = 0 fl3^ holds, hence q is a function of 0o and ^|q- Writing (|8]) in 
the EF variables, is given (up to a sign) and also H^ q. To summarize, with our choice 
of time t*(t = 0) = 0, starting at = 0 and choosing and 0o, we can construct all the 
solutions corresponding to bouncing solutions in the JF. 


3.1 The case Z=1 

For our model ([5]), ([6]), using fl23ll . ([25]), fl26|) . we hnd 

<p = arctanh (, (36) 

K Vve / 
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Figure 1: The JF field <F is shown as a function of the EF field 0 for Z = 1 with the 
parameters k = \/^, c = 3 and A = 5. It is seen that d) is a monotonically growing 
function of (j). Therefore the ordering 0 < !> < <ho,mm < ^ = ^max is preserved in EF, 
namely 0 < 0 < 0o,mm < oo. The limit $ —)■ ^ = ^max corresponds to 0 —)■ cxd. The 
interval 0 < 0 < cxo covers the physically viable interval 0 < <F < ^max for which F > 0 in 
the JF . 


The transformation d>(0) is monotonically growing hence the ordering in both frames be¬ 
tween two values is unchanged. We have from the general transformation equations 


A{<P) 

V{<P) 



36c 



( 38 ) 

( 39 ) 


Surprisingly, the potential corresponds to an inverted double-well potential. We note 
further that E(0) —^ for 0 —)■ 0. 

The physical regime in the JF corresponds to <F < ^max = Using fl36|) to find the 
coresponding value in the EF we get 


x/6 


K, 


arctanh (1) = cx) 


( 40 ) 


Hence 0 can be arbitrarily large. From fl28l) . the EF time and the JF time t are related 
as follows 


U(t) 



(41) 


where the integration constant is choosen such that the EF time and the Jordan time t 
vanish simultaneously. It is crucial to note that U is a monotonically growing function of 
t hence both times are essentially equivalent. We have also 



a = cosh 


( 42 ) 










V 



Figure 2: The EF potential V is shown in the case Z = 1 for the parameters of Figure 
[U The potential V has a maximum in 0 = ^ arctanh[ ^ ] and it vanishes at 

4>o,min = ^ arctanh[ * ]• The value 0 = 0 corresponds to <F = 0 in the JF and 

(j) = oo corresponds to <F = ^ = ^max, the unphysical limit where F vanishes and for 
which either a Big Bang or a Big Crunch takes place in the EF. In contrast to the JF, 0 
gets a direct meaning looking at V. Bouncing solutions in the JF satisfy 0o > (j)o,min in 
the EF, with the bouncing time t = 0 corresponding to = 0. 


We easily derive the following equality 

F = cosh* 4 . (43) 

which shows that the held derivatives have the same sign in both frames and also that the 
asymptotic behaviour ^ ^ 0, $ —)■ 0 for t —>■ oo in the JF corresponds to ^ 0, 0^0 

for —>■ oo in the EF. We further End from (IM|) that 


H = 



K 


H —— tanh 
Vb 




(44) 


For viable bouncing solutions in the JF $ decreases monotonically and tends either to 
<l> = or to zero for t ^ oo. From flTT|) . t ^ oo corresponds to —)■ oo. The value <l> 
corresponds to 0 in the EF with 


k! arctanh 





( 45 ) 


It is easily checked that V has a maximum at 0 = 0. While the value <h in the JF cannot 
be understood from inspection of the potential U{^), in the EF on the contrary it has an 
obvious meaning. The potential U vanishes at <Fo,mm = (^)F ^ind the potential V will 
vanish at the corresponding value 0o,mm given by 


^/6 


K 


arctanh 




( 46 ) 
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We start with general considerations concerning the appearance of singularities in the EF. 
From fl32ll decreases monotonically in sharp contrast with the behaviour if > 0 in the 
JF. At <h —)■ ^max (-^ 0), the model would become unphysical. We have seen in [TT] 

that ^max is reached in a hnite time t while <h does not tend to zero there and so from 
dlS]), goes to inhnity because 0 —>• cxo. Moreover a* —)■ 0 in a hnite time U from fl2^ 
as A{(j)) —)■ oo. Therefore we see from flHTl) that ii* diverges because from fH5]l the kinetic 
term dominates the potential term for cj) —)■ oo. To summarize, when $ = ^max in the JF, 
we get either a Big Bang or a Big Crunch type singularity in the EF, depending on the 
sign of ii*. This will also happen at some hnite time t < 0 for bouncing solutions regular 
in the future. Actually it is well-known that expansion in one frame can correspond to a 
contraction in the other frame (see e.g. m) and this is what takes place here. 

We will consider now all the bouncing solutions, either viable or unviable, found in our 
earlier analysis in the JF in m and study their behaviour in the EF. We note hrst that these 
solutions for Z = 1 must satisfy 0o > 0o,mm- Further, from ([19]), fl36|l . ^ = 0, ^ > 0 is 
possible only in the interval (f> < (j) < 0o,mm- 

We consider hrst the solution with 0o = 4>o,min- This solution has $0 = "ho = 0 

in the JF. We have from (H3D that = 0 in the EF too, and hence also if * = 0 from 
(jHj). This is also clear from because 0o,min is the value where V vanishes. From fl32l) 
H, < 0 for tif > 0. As in the JF we have > 0) > 0 for this solution, this must also 
be the case in the EF, i.e. > 0) > 0. So the held 0 tends to 00 while the universe 

contracts reaching a* = 0 in a hnite time. For t < 0, this solution started in the JF from 
^max at some hnite negative time with <h(t < 0) < 0. This corresponds in the EF to a 
solution starting with a Big Bang at 0 = 00 , reaching a maximal expansion at 0o,mm with 
0 reaching its minimum, and eventually recontracting and ending in a Big Crunch with 
0 —)■ cxD. It is the only bouncing solution in the JF for which the Hubble parameters and 
the held derivatives vanish simultaneously in both frames. 

Let us consider next the solutions with <ho,mm < "ho < $o,cr and <I)o < 0. We know that 
in the JF, these solutions will diverge, crossing the value ^max in a hnite time. After the 
bounce, these solutions have hrst $ < 0 before reaching a minimum. As we have shown 
earlier, this will happen in the interval $<<!)< <ho,mm in the JF. As the helds <I> and 
0 reach a turning point simultaneously in both frames, in the EF this corresponds to 0o 
somewhere in the negative part of the potential V, entering the positive part of V and 
turning back at some point cf) < (f) < (po^min before increasing and tending to inhnity in a 
hnite time t*. At the bounce we have from (jHj), if* > 0 because H = 0 while <I>o < 0 or 
< 0. At the minimum of <I>(t) and we have from (H^ that fJ* has the same 

sign as fJ, which is positive for t > 0. As long as we are in the positive part of H, fJ* = 0 
is impossible from flTIl) . On the other hand we see from fl29ll that a* —)■ 0 as 0 —cxd 
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because the corresponding JF time is finite. This means that in the EF, the universe must 
recontract. So FT* must first vanish, which is possible for 0 > 0o,min, before changing sign. 
Again, it was found that these solutions would inevitably reach the value $ = ^max at 
some finite negative time in the past with < 0) <0. This corresponds again in the 
EF to a solution starting from (j) = oo with a Big Bang and ^ < 0. To summarize, in all 
these cases a universe starting with a Big Bang and ending in a Big Crunch is obtained. 

We consider now the bouncing solution in the JF tending to <F and starting precisely 
from <Fo,cr- This corresponds to a solution starting from 0o,cr = ^ arctanh j with 

< 0 in the EF. This solution has exactly the kinetic energy required in order to reach 
(f) at the top of the potential V (0), for oo. This is obviously an unstable fixed point of 
the system, found earlier from our analysis in the JF, which can be reached only starting 
from 00,cr- Note that the asymptotic Hubble parameters differ in both frames in this case. 

Finally, the solutions with 0o > 0o,cr will have lower initial negative velocity 
(larger initial kinetic energy) with enough kinetic energy to climb up the potential and 
pass its top after which 0 cannot stop and 0 = 0 will be reached after an infinite time f*. 
This corresponds to an overdamped regime where the absence of oscillations is due to the 
(strong) friction term in fl33|) . This can be shown in either frame, let us do this in the JF. 

At f —>■ oo and <F —>■ 0, (|T^ gives 

$ + 2A$+(:n^<F = 0, (47) 

with A = = ^. Clearly, as we have A > a; we obtain an overdamped regime 

without oscillations where $ vanishes exponentially. The asymptotic behaviour to leading 
order of <F is 



We have also 0 —)■ 0 and ^ 0 for —)■ oo. Using (l37|) . flTT|) . 0(f*) has no oscillations 

either. From fl^ . fl39l) . the universe tends asymptotically to the same de Sitter space in 
both frames with 3H^ = 3H^ = A. If > 0, 0 —)■ oo in a finite time U and a Big 
Crunch is obtained 

We want to conclude this subsection with another important aspect of our results. 
Substituting ([9]) in (]36|1 . using (1421) and inverting (14T|1 in order to find t(t*), the Friedmann 
equation in GR for a spatially fiat cosmology and for a minimally coupled scalar field 
with potential (l39|) is completely integrated. Though V is an inverted potential, even 
unbounded from below, regular solutions in the future do exist as we have shown, starting 
with a Big Bang singularity in the past. Other non viable solutions (in the JF) exhibit 
a Big Crunch which interestingly appears as well in integrable scalar field cosmologies for 
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Figure 3: The JF field <F is shown as a function of the EF field (j) for Z = —1 with the 
parameters n = \/20, c = 3 and A = y- If is seen that d> is now a monotonically decreasing 
function of (j) with $ —)■ cxo when 0 —)■ 0 and <F —^ (0.5477 with these parameters) for 
0 —>■ oo. Hence the ordering ^ < <ho,mm < $ < cxo is inverted and becomes in the EF, 
oo > > 0 > 0. Note that this ordering in the EF is the same for both cases Z = 1 

and Z = —1. The interval 0 < 0 < cxo in the EF corresponds to the physically viable 
interval — < <F < oo in the JF for which F > 0. 

K. 


non inverted potentials bounded from below with negative extrema [22]. The integrable 
potentials mentioned there are combinations of exponentials, which is also the case for our 
model. 


3.2 The case Z=-l 


Let us consider now the case Z = —1 where both functions in ([5]) and ([6]) are multiplied by 
— 1. This case shows subtle differences with the case Z = 1. The following transformation 
is obtained 


0 

$ 


^ In 

K 

2k 


x/6 

/ K, 

^ — coth 1 — d) 

K 

VV6 


(49) 

(50) 


where we have taken into account $ > ^. In sharp contrast to the case Z = 1, <F is now a 
monotonically decreasing function of 0, hence the ordering of corresponding values in both 
frames is inverted when we go from one frame to the other. 

Remember that the allowed range for $ in the JF satisfying F > 0 corresponds to 
<h > ^. When <F —we have 0 —)■ oo while $ ^ cxo corresponds to 0 —)■ 0. We have 
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V 



Figure 4: The EF potential V is shown in the case Z = —1 and the same parameters as in 

1 

Figure [3l The potential V has a maximum in 0 = ^ arccoth[ ^ ] and it vanishes at 

4>o,min = ^ arccoth[ ^ , corresponding to the points <l>, respectively in the 

JF. The point 0 = 0 corresponds now to $ = oo. Again, the unphysical limit F = 0 is 
pushed at (j)max = oo, where again either a Big Bang or a Big Crunch takes place in the 
EF. Note the striking analogy with the case Z = 1. Bouncing solutions in the JF satisfy 
00 < 00,min in the EF. 


further from fl2^ 


A(0) 

t*it) 


a 



sinh 



For the potential V, one obtains 

36c 


E(0) = 




cosh 


A 


K 




sinh^ 



( 51 ) 

( 52 ) 

( 53 ) 


( 54 ) 


As for Z = —1 the inequality > 1 is assumed in order to ensure a nonvanishing 
interval of held values <Fo at the bounce (see fl571) ). the second (negative) term inside the 
brackets in fl5T)) will dominate when 0 —)■ cx) yielding as in the case Z = 1 an inverted 
double-well potential in sharp contrast to the JF potential U which is not inverted in this 
case. It is easily checked that we have here too a maximum at 0 = 0 dehned as 


coth 


while V is zero at 0 = 0o,,: 


given by 




coth 






(55) 


(56) 
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As we have in the JF 


^ *ho min ^ 

K 

we get in the EF 

0 ^ 00,min ^ 

hence the ordering fl58|) in the EF is similar to the EF ordering for Z = 1, while the ordering 
in the JF for Z = 1 and Z = — 1 is inverted. This arises because the transformation 
or flSU]) invert again this ordering so that hnally the ordering in the EF is the same while 
it gets inverted in the JF. It is further easily checked from fl30|) . fl50|) . that for Z = —1 the 
held derivatives in both frames have opposite signs, namely 

From the point of view of the potential V, a situation very similar to the case Z = 1 is 
recovered. Despite the fact that the potential U in the JF is not inverted for Z = — 1, 
the corresponding potential V in the EF is inverted and analogous to the one obtained for 
Z = 1. This is a consequence of the negative kinetic term in the JF when Z = — 1. 

We now turn our attention to the study of all bouncing solutions in the JF for Z = — 1 
found in [11]. In all cases we must have 0o < 0o,mm (this corresponds to f/ > 0 in the JF). 
From (l20|), (jUj), ^ = 0, ^ > 0 is posible only in the interval 0 < 0 < 0o,mm- The EF 
picture is similar to Z = 1 in this respect. 

We can start in the positive region of V either on the left of 0 or on the right, 
a) We start with 0o < 0 and ^|q < 0 corresponding to <I)o > *h and $0 > 0. It was found 
in the JF that $ —)■ 00 in a hnite time t, which amounts to 0 —)■ 0 in an inhnite time f*. 
The fact that 0 —)■ 0 is obvious looking at the initial conditions and at the shape of V. 
Note that a* diverges too there. This case was rejected in the JF because <I> —>■ 00 in a 
hnite time t. The corresponding EF time is pushed to = 00 . The EF dynamics cannot 
go beyond the physically valid regime in the JF. Hence if we postulate that the physical 
time is the EF time then this solution is perfectly valid. However if we postulate that 
the physical frame is the JF, then the physical time is the JF time t and this solution must 
be discarded. 

When 00 < 0 and ^|o > 0 corresponding to $0 > and $0 < 0, it was found that 
<F —>■ 0 and hence d) — ^ in a hnite time t. This corresponds 0 —)■ 00 , again for a hnite 
time f*. This dynamics is again easily understood in the EF. As 0 cannot stop and turn 
back because this would correspond to a maximum (which is impossible, see fl2Up j. it will 
pass 0 and roll down towards inhnity. Note that if some solution starting from 0o,cr was 
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allowed to stop precisely at 0, it would mean that solutions around it would still go to 
infinity, which is impossible because 0o,cr rnust separate different behaviours of the late 
time dynamics. So this is impossible and it shows also that 0o,cr > 0- Finally as we have 
a* —)■ 0, this case will end in a Big Crunch. 

b) We consider now 0o > 0 and > 0, or <Fo < ^ and <Fo < 0. In that case, it was 
shown that $ —^ in a finite time t. Hence 0 —)■ oo in a finite time and here too a Big 
Crunch is obtained in the EF. This dynamics is very easily understood by inspection of V: 
the system starts somewhere in the interval 0 < 0o < (po,min and moves downwards along 
the potential. 

We consider again 0o > 0 but now ^|q < 0. (<Fo < *h and 4>o > 0). Three possible 
behavious were found in the JF which are easily represented in the EF: 

1) 0 —)■ oo, a* —)■ 0 in a finite time t* so a Big Crunch is obtained. This corresponds to 
<h —)■ 0 and F —)■ 0 in a finite time. So 0 climbs up the potential, stops before 0 and then 
rolls down to infinity. This solution was rejected in the JF because the condition F > 0 
would eventually be violated after a finite time and in the EF this corresponds to a Big 
Crunch. 

2) 0 —)• 0 after an infinite time or $ —)• oo diverges in a finite time t. In this case, 0 
has enough kinetic energy to pass 0 and as it not allowed to stop afterwards, it eventually 
settles down in 0 = 0 after an infinite time F. This is reminiscent to a case considered 
earlier: the EF dynamics is perfectly acceptable if we agree that the EF time is the 
physical time and not the JF time t. 

3) Finally, we have the only viable solution found in the JF for which d) —)■ d) in the 
asymptotic future. This corresponds to 0 —)■ 0 in an infinite time t*. Now 0 has precisely 
enough kinetic energy to settle down in 0 after an infinite time F- 

As for Z = 1, substituting ([9]) in (09]), using (15^ and inverting (|52|), the Friedmann 
equations in GR for a spatially fiat FLRW universe and for a minimally coupled scalar 
field with inverted potential flSTj) is completely integrated. 

4 Conclusions 

Viable bouncing solutions were found in the JF for a particular scalar-tensor gravity model 
equivalent to Einstein gravity with a cosmological constant and a conformally coupled 
scalar field with a quartic self interaction. Bouncing solutions were found for models 
with ojbd > 0 and —| < ojbd < 0. In this work we have studied in details in the 
EF all these bouncing solutions in the JF, whether these are viable or not. The various 
dynamical behaviours corresponding to bouncing universes in the JF are better understood 
by inspection of the potential V in the EF. Indeed, the two critical points for the late times 
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dynamics of $ have a direct physical meaning. The unstable viable bouncing solutions 
tending to <h at t —)■ oo corresponds to solutions tending to the top of the potential V at 0. 
This is clearly an unstable hxed point which is reached for just one set of initial conditions. 
The other viable bouncing solutions tend to = 0 and tend to the same value in the EF 
for Z = \. Inspection of V shows clearly that a set of initial conditions for which cj) passes 
the top of the potential with negative velocity will eventually settle down at 0 = 0 after 
an inhnite time f*. 

Essentially the same analysis applies to the case Z = —1. The interval 0 < 0 < cxo in 
the EF covers the interval of physical values 0 < <h < ^ fh® JF for Z = 1. 

For Z = — 1, the interval 0 < 0 < cxd covers the interval of physical values cx3 > $ > ^. 
When 0 —)■ cxD in all cases a Big bang at negative times or a Big Crunch at positive times 
is obtained: this is how the unphysical limit F —)■ 0 manifests itself in the EF. 

For Z = —1, the unviable solution in the JF with $ —^ in a hnite time t corresponds 
to a solution in the EF with cj) —)■ oo, however this point is reached for F = oo. Hence, 
the EF dynamics covers the physically acceptable part of the dynamics and it would be 
viable if the EF time would be the physical time. As we took the JF time t as being the 
physical time, this solution was ruled out in [11] . However if we view the EF dynamics for 
its own sake, independently of the underlying JF correspondence, this solution is perfectly 
regular in the future. 

We emphasize another important aspect of this work. From our study in the EF we 
get an integrable scalar held cosmological model where the singularities are standard cos¬ 
mological singularities. Besides the interesting fact that a Big Crunch can be obtained 
for spatially-hat FLRW models, all these results are obtained for inverted potentials un¬ 
bounded from below. We stress that solutions starting from a Big Bang and which are 
regular in the future and tending to a de Sitter space are obtained as well. Though we 
caution that these solutions should be viewed as interesting toy models and not as realistic 
cosmological universes, our results show nevertheless that inverted potentials unbounded 
from below can give interesting physical systems as it is the case here and in other bouncing 
[23] or inhating m models. 
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